The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties
The Classification of On-Shell (Cluster) Varieties

@ /2 @m—@%
e

Jacob L. Bourjaily

Amplitudes 2018 Summer School
QMAP, University of California, Davis

- The Niels Bohr
]l B International Academy

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties
The Classification of On-Shell (Cluster) Varieties

@ /2 @m—@%
e

Jacob L. Bourjaily

Amplitudes 2018 Summer School
QMAP, University of California, Davis

- The Niels Bohr
]l B International Academy

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties
The Classification of On-Shell (Cluster) Varieties

Organization and Outline

0 The Amalgamation of On-Shell Diagrams
@ Basic Building Blocks: S-Matrices for Three Massless Particles

© Building-Up the Grassmannian Correspondence: On-Shell Varieties
o Grassmannian Representations of On-Shell Functions
@ Iterative Construction of Grassmannian ‘On-Shell’ Varieties
@ Characteristics of Grassmannian Representations

@ The Classification of On-Shell (Cluster) Varieties
@ Warm-Up: Classifying On-Shell Functions of G(2,n)
@ Definitions, Stratifications, and Conjectures
@ Application: the Stratification of On-Shell Varieties in G(3,6)

@ Conclusions and Future Directions

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

A

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

A

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Oy

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Oy

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

A

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

A

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

A
e

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

A
e

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

A
%

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

A
%

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

.
o

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

o

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

o
4

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

o
4

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

o
Jras

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

54

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

454

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

45

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

P b4

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

P=é b

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Tpos st

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

\q}"-db—

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

P-4 b

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

e

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

¢

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

~
b,

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

ey

%

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

4

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

~

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

~

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

T4

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

%4

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

A5
T4

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

>
&

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

A5 %
&

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

<

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

o
28"

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

L ((91)(23)(46) — (16)(34)(29))2 624 (A7) 0P 2(A-X)
T (12)(23)(34)(45)(56) (67)(78) (81) (14)(42)(29) (96} (63)(39) (91)

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties




The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

L ((91)(23)(46) — (16)(34)(29))2 624 (A7) 0P 2(A-X)
T (12)(23)(34)(45)(56) (67)(78) (81) (14)(42)(29) (96} (63)(39) (91)

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties




The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

L ((91)(23)(46) — (16)(34)(29))2 624 (A7) 0P 2(A-X)
T (12)(23)(34)(45)(56) (67)(78) (81) (14)(42)(29) (96} (63)(39) (91)

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties




The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

L ((91)(23)(46) — (16)(34)(29))2 624 (A7) 0P 2(A-X)
T (12)(23)(34)(45)(56) (67)(78) (81) (14)(42)(29) (96} (63)(39) (91)

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties




The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Amalgamating Diagrams from Three-Particle Amplitudes

Recall that on-shell diagrams built out of three-point amplitudes are always
meaningful functions—even when the result is non-planar

L ((91)(23)(46) — (16)(34)(29))2 624 (A7) 0P 2(A-X)
T (12)(23)(34)(45)(56) (67)(78) (81) (14)(42)(29) (96} (63)(39) (91)

Amplitudes 2018 Summer School QMAP, University of California, Davis Part I: Stratifying On-Shell Cluster Varieties




The Amalgamation of On-Shell Diagrams
Building-Up the Grassmannian Correspondence: On-Shell Varieties  Basic Building Blocks: S-Matrices for Three Massless Particles
The Classification of On-Shell (Cluster) Varieties

Building Blocks: the S-Matrix for Three Massless Particles

Momentum conservation and Poincaré-invariance uniquely fix the kinematical
dependence of the amplitude for three massless particles (to all loop orders!).
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In order to linearize momentum conservation at each three-particle vertex
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Constructing the Correspondence: Amalgamations & Bridges

Direct/Outer Products
(fi,.2) = fix fa
(C], Cz) — C1®C C G(ky+ka, n1+n2)
(Ql, Qz) — O A Q) (dl,dz)'—ﬂil-i-dz
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Grassmannian Representations of On-Shell Functions

Iterative Construction of Grassmannian ‘On-Shell” Varieties
Characteristics of Gr ian R

A more direct way to construct C(«) is via boundary measurements:
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Q5 Qg a3 Oy Oz7(Oé3Oé4+046049) 1
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General Characteristics

@ n: the number of external legs
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General Characteristics
@ n: the number of external legs

@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams = Grassmannian Representations of On-Shell Functions
Building-Up the Gr ian Correspondence: On-Shell Varieties Iterative Construction of Grassmannian ‘On-Shell’ Varieties
The Classification of On-Shell (Cluster) Varieties Characteristics of Gr ian Rep ion

General Characteristics of the Correspondence

o= [ 82(CR)50 (.Y J

General Characteristics
@ n: the number of external legs
@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)

@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
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General Characteristics
@ n: the number of external legs
@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)
@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)

@ number of J-functions (beyond momentum conservation) is always: 2n—4

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams = Grassmannian Representations of On-Shell Functions
Building-Up the Gr ian Correspondence: On-Shell Varieties Iterative Construction of Grassmannian ‘On-Shell” Varieties
The Classification of On-Shell (Cluster) Varieties  Characteristics of Grassmannian Representations

General Characteristics of the Correspondence

o= [ 82(CR)50 (.Y |

General Characteristics
@ n: the number of external legs
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@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
@ number of J-functions (beyond momentum conservation) is always: 2n—4
(notice that when k=2 (MHV), the constraints always require that C+— C* =)
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General Characteristics
@ n: the number of external legs
@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)

@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
@ number of J-functions (beyond momentum conservation) is always: 2n—4
(notice that when k=2 (MHV), the constraints always require that C+— C* =)

o recall that dim(G(k,n)) =k(n—k);
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General Characteristics
@ n: the number of external legs
@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)

@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
@ number of J-functions (beyond momentum conservation) is always: 2n—4
(notice that when k=2 (MHV), the constraints always require that C+— C* =)

o recall that dim(G(k,n)) =k(n—k);
and so if d > k(n—k), some of the coordinates must be degenerate
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General Characteristics
@ n: the number of external legs
@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)

@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
@ number of J-functions (beyond momentum conservation) is always: 2n—4
(notice that when k=2 (MHV), the constraints always require that C+— C* =)

o recall that dim(G(k,n)) =k(n—k);
and so if d > k(n—k), some of the coordinates must be degenerate
Definition: a diagram is called reduced if d(I") =dim(C)
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@ n: the number of external legs
@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)

@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
@ number of J-functions (beyond momentum conservation) is always: 2n—4
(notice that when k=2 (MHV), the constraints always require that C+— C* =)

o recall that dim(G(k,n)) =k(n—k);
and so if d > k(n—k), some of the coordinates must be degenerate
Definition: a diagram is called reduced if d(I") =dim(C)

o the number of reduced diagrams is (trivially) finite for fixed n, k, d
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General Characteristics
@ n: the number of external legs
@ k: the number of ‘sources’: 2ng-+nw—n; (trivalent)

@ d: the number of coordinates C(&): 2ny—ny (trivalent); n+n;—ny (general)
@ number of J-functions (beyond momentum conservation) is always: 2n—4
(notice that when k=2 (MHV), the constraints always require that C+— C* =)

o recall that dim(G(k,n)) =k(n—k);
and so if d > k(n—k), some of the coordinates must be degenerate
Definition: a diagram is called reduced if d(I") =dim(C)

o the number of reduced diagrams is (trivially) finite for fixed n, k, d
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The Amalgamation of On-Shell Diagrams ~ Warm-Up: Classifying On-Shell Functions of G(2,n)
Building-Up the Grassmannian Correspondence: On-Shell Varieties Definitions, Stratifications, and Conjectures
The Classification of On-Shell (Cluster) Varieties Application: the Stratification of On-Shell Varieties in G(3,6)

Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.

A simple exercise shows that for any such reduced diagram:
e np=(n-2)
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.

A simple exercise shows that for any such reduced diagram:
e np=(n-2)

o and each blue vertex must connect to exactly three external legs
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e np=(n-2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e ng=(n—2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e np=(n-2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e np=(n-2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e ng=(n—2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:

1 2 3
(23)(31)(12)
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e ng=(n—2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e ng=(n—2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:

(46) (63) (34)
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e ng=(n—2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:

(45) (51)(14)
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e np=(n-2)
@ and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e np=(n-2)
@ and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:

fr=

(23)(31)(12)(56) (62) (25) (46) (63) (34) (45)(51) (14 ) CHN)
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Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e np=(n-2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:

fr=

T3 31713 (36)(62) (25) (46) (63 (34) 43 (5 1y (1) (€ 7) 3

Amplitudes 2018 Summer School QMAP, University of California, Davis Part II: Stratifying On-Shell Cluster Varieties



The Amalgamation of On-Shell Diagrams ~ Warm-Up: Classifying On-Shell Functions of G(2,n)
Building-Up the Grassmannian Correspondence: On-Shell Varieties Definitions, Stratifications, and Conjectures
The Classification of On-Shell (Cluster) Varieties Application: the Stratification of On-Shell Varieties in G(3,6)

Application: Classifying On-Shell Functions for k=2 (MHV)

For k=2 and 15 =0, reduced diagrams correspond to top-dimensional varieties.
A simple exercise shows that for any such reduced diagram:
e ng=(n—2)
o and each blue vertex must connect to exactly three external legs
—through (arbitrary-length) chains of white vertices
We may label such diagrams by the triples, 7, of legs attached to blue vertices:

fr=

(23)(31)(12)(56)(62) (25)(46)(63) (34) (45)(51) (14) 3 HCH) 6 (CHN)
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(123) (23)(31)(12)
256 ey 56 62) (25
E346; = €)= < ><46><63>< >234>
(451) (45) (51)(14)

6 2

((34)(51)(62) + (14)(25)(63))
(23)(31)(12)(56)(62)(25)(46)(63)(34)(45)(51)(14)

fr= FHNT) 3NN
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Extended ‘Positivity’ and Parke-Taylor Completeness

The Parke-Taylor formula for MHV amplitudes can be interpreted geometrically
as imposing a certain kind of ‘positivity’ among the A\, variables:
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52><4(>\. ﬁ)ézxz(A-X)
(12)(23)(34)(45)(56)(61)

PT(1,2,3,4,5,6) =
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52><4(>\. ﬁ)ézXZ(A-X)

PT(1,2.3:4,5.0) = 1137723} (34) (45) (36 (61) < ¢ 3

fp = ZPT(Jl,...,Un),

{o€(6n/Zn)|NTET: 01 <0, <0y}
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Geometry of Kleiss-Kuijf Relations and U(1)-Decoupling

This gives a geometric interpretation of the U(1)-decoupling and KK-relations:
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2 n 1
2 3 4
2 4 5)
(2n—1n)
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2 n 1
2 3 4
2 4 5)
(2n—1n)

PT(1,2,...,n)
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2 3 4 2 3 4
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The Classification of On-Shell (Cluster) Varieties Application: the Stratification of On-Shell Varieties in G(3,6)

Classifying On-Shell Varieties: Definitions and Conjectures

Definitions:
@ A diagram is reduced if dim(C) =d(I")
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