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Figure 7: The BFKL intercept j as a function of coupling �. The red solid line with tiny red dots
is obtained by our numerical procedure. It interpolates perfectly between the known perturbative
predictions (the blue dashed lines) at weak [31, 32] and strong coupling [33, 34, 35, 12].

from the rest of the complex plane. These two separated regions become then the areas

of applicability of two di↵erent approximations: for |Re �| > 1 one can apply the usual

perturbation theory and Beisert-Eden-Staudacher Asymptotic Bethe Ansatz, whereas the

region |Re �| < 1 is described by BFKL approximation and so-called Asymptotic BFKL

Ansatz [27].

The presence of the cut can be to some extent deduced from perturbative perspective

in each region: in the regime of usual perturbation theory

�(S) = 2 + S � 8g2HS +O(g4), (4.6)

where HS is the harmonic number. It has poles for all negative integer values of S —

these poles are weak-coupling remnants of the cuts we see at finite coupling. In the BFKL

regime one should instead look at the leading order BFKL equation [36, 37, 31]

S(�) = �1 + 4g2

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1��
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� 2 (1)

�
+O(g4) . (4.7)

To make sense of this equation one has to take the limit g ! 0, S ! �1 so that the l.h.s

stays finite. Then the  -functions in the r.h.s generate poles at odd values of �, which,

again, are cuts degenerated at weak coupling.

Fig 6 represents a section of the Riemann surface by the plane Im u = 0, i.e. de-

pendence of S on � for real �, which, of course, consists of two curves, originating from

the two sheets we explored. At weak coupling the upper curve becomes piecewise linear,
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EXACT RESULT

Towards a Theory of Confining Strings
String Theory is Notoriously Hard to Test Experimentally

HOWEVER, STRINGS ARE EXPERIMENTALLY DISCOVERED 50 or so YEARS AGO! 
STRONGLY INTERACTING PARTICLES IN QUANTUM CHROMODYNAMICS (QCD) 

ARE STRINGS 
WE DON’T UNDERSTAND THESE STRINGS YET

6

FIG. 10: Isosurface and surface plot of C(y⃗) for a 10-sweep
smeared T-shape source with quark positions as in the seventh
configuration of Table I. The maximum expulsion is 8.3% and
the isosurface is set to 4.4%. Further details are described in
the caption of Fig. 6.

FIG. 11: Isosurface and surface plot of C(y⃗) for a 10-sweep
smeared Y-shape source with quark positions as in the seventh
configuration of Table I. The maximum expulsion is 8.3% and
the isosurface is set to 4.4%. Further details are described in
the caption of Fig. 6.

FIG. 12: Isosurface and surface plot of C(y⃗) for a 10-sweep
smeared L-shape source with quark separations of ℓ = 10.
The maximum expulsion is 8.8% and the isosurface is set to
4.4%. Further details are described in the caption of Fig. 6.

tive three-quark potential for the various quark positions,
source shapes and Euclidean time evolutions. The vac-
uum expectation value for W3Q is

⟨W3Q(τ)⟩ =
∞
∑

n=0

Cn exp(−a Vn τ), (4)

where Vn is the potential energy of the n-th excited state
and Cn describes the overlap of the source with the n-
th state. The effective potential is extracted from the
Wilson loop via the standard ratio

a V (r⃗, τ) = ln

(

W3Q(r⃗, τ)

W3Q(r⃗, τ + 1)

)

. (5)

If the ground state is indeed dominant, plotting V as a
function of τ will show a plateau and any curvature can
be associated with excited state contributions. Statistical
uncertainties are estimated via the jackknife method [16].

Our results for the various quark positions and source
shapes are shown in Fig. 16. All small shapes are stable
against noise over a long period of time evolution and
even some of the largest shapes show some stability be-
fore being lost into the noise.

Robust plateaus are revealed for the first four quark
positions of Table I for the T and Y shape sources. This
suggests the ground state has been isolated and indeed
the four lowest effective potentials of the T- and Y-shape
sources agree. This result was foreseen in the qualita-
tive analysis where Figs. 6 and 7 for the T- and Y-shape
sources respectively displayed the same correlations be-
tween the action density and the quark positions.

Conversely, the disagreement between Figs. 10 and 11
indicates the ground state has not been isolated in one
or possibly both cases. Indeed the nontrivial slopes of
the seventh effective potentials of Fig. 16 for the Y- and
T-shape sources confirm this. On the other hand, the
curves are sufficiently flat to estimate an effective poten-
tial at small values of τ , and given knowledge of the node
position from our qualitative analysis, one can make con-
tact with models for the effective potential.

The expected r⃗ dependence of the baryonic potential
is [2, 4]

V3Q =
3

2
V0 −

1

2

∑

j<k

g2CF

4πrjk
+ σL , (6)

where CF = 4/3, σ is the string tension of the qq̄ poten-
tial and L is a length linking the quarks. There are two
models which predominate the discussion of L; namely
the ∆ and Y ansätze.

In the ∆-ansatz, the potential is expressed by a sum
of two body potentials [4]. In this case L = L∆/2 =
3⟨dqq⟩/2 where L∆ is the sum of the inter-quark dis-
tances. In the Y-ansatz [2, 6], L = LY = 3⟨rs⟩ is the
sum of the distances of the quarks to the Fermat point.

Remarkably, very recently strings were understood in N=4 SUSY cousin of QCD 
The key is a special property of these strings: INTEGRABILITY 

As a result many observables were calculated at any value of coupling constant
One of the principal tools: THERMODYNAMIC  BETHE ANSATZ (TBA)

THE VERY SAME TOOL WORKS REMARKABLY WELL ALSO IN QCD!
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Figure 10: This plot shows �E = E � R/`2
s

as a function of the length of the flux
tube for the lowest lying states containing both left- and right-movers. The data is
again taken from [5] and the coloring is as in Figure 9. The red, blue, and green lines
show the theoretical predictions derived from equations (41)-(43) with GGRT, PS and
resonance contribution to the phase shift included in the asymptotic Bethe Ansatz,
but with winding corrections only taken into account for the GGRT contribution.
Lines are shown as dashed where the PS contribution becomes larger than the GGRT
contribution.

visualize the presence of a resonance and the extent to which the resonance improves the
fit in the scalar and tensor channel. In addition, it has the advantage that we can combine
di↵erent excited states in the same plot because they probe the same underlying scattering
amplitudes. As an example, let us look at the phase shift for the states with one left- and
one right-mover as a function of the center of mass energy extracted from the data for the
energy levels. In this case the solution can be written in a relatively compact form

p
l

= p
r

=
�E

2
+

⇡

6(�E`2
s

+ 2R)
, (45)

2� = 2⇡ � �ER

2
+

⇡
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3�E2`4
s

+ 2⇡`2
s

� 12R2

(�E`2
s

+ 2R)2
. (46)

The resulting phase shift as a function of momentum extracted from the data is shown in
Fig. 11 along with the theoretical predictions for scattering phase shifts in various channels.
We also included the data for the next excited pseudoscalar level in the lower panel. The
theoretical prediction and the data still agree for the excited state at low momenta, but the

29

TBA

new particle (worldsheet axion)
localized on the QCD string

axion coupling 
predicted from integrability

axion coupling 
from lattice data

QI ⇡ 0.373 . . . QL ⇡ 0.38± 0.04Hint of integrability
of the QCD string?!
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old-fashioned
perturbation theory

Z(T, L) = e�LE0(1/T ) = e�Lf(T )/T

QQ


