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PROLOGUE
• Scattering amplitude is the basic building block in QFT 

g(p1) + g(p2) + g(p3) + g(p4) ! 0
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• We focus on a 4-gluon process involving on-shell partons in QCD

• More precise theoretical predictions are crying need at the LHC
• Necessary to reveal the underlying structures in QFT

Ellis, Sexton ‘86 1-loop:
Bern, Dixon, Kosower ’002-loop Helicity amplitude:

Glover, Oleari, Yeomans ’012-loop full amplitude:

• Next challenging goal: go for 3-loop!

• Ingredient for the di-jet production

• State-of-the-art

• First attempt in N=4 by Henn, Mistlberger in ’16

• We address this 4-point amplitude at 3-loop for the first time in QCD

Our goal



PROCESS OF INTEREST

• We consider

g(p1) + g(p2) + g(p3) + g(p4) ! 0
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on-shell in QCD

with arbitrary number of light fermions in fund represent of SU(N) gauge group

• Goal:  Compute the amplitude and helicity amplitudes in planar limit

• One approach: decompose the amplitude into linearly independent tensor structures

Number of tensorial structures reduce to 10

• 138 Tensorial Structures

Transversality Condition ✏i.pi = 0
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Gauge Fixed Tensor ✏1.p2 = ✏2.p3 = ✏3.p4 = ✏4.p1 = 0
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2 � 2A4stu+ 2A5su
2 � 2A6stu
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2
o
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• All plus amplitude

na1
f Na2aa3

s with a1 + a2 = a3
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Include all the terms satisfying



COMPUTATION

• Feynman diagrams using Qgraf: 48723 three-loop, 39k planar topologies

• Age-old Feynman diagrammatic approach, however, lots of challenges!

• Huge expressions, complicated reductions!

• Discard non-planar diagrams by removing sub-leading colors. 

• In-house FORM code: convert Qgraf raw output to FORM
SU(N) color simplification
Lorentz algebra
Dirac algebra } in d-spacetime dimensions

Monteuffel, Studerus ’12

Vermaseren

Noguira ’06

• Cross-checked using REDUZE2 using the liberty of shifting loop momenta

• Millions of 3-loop integrals with very high power of numerators: highest 6!

J [a1, a2, · · · , a15] =
Z Y

L=1,2,3

"
ddkL
(2⇡)d

#
1

Da1
1 Da2

2 · · ·Da15
15
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Most complicated

D are the inverse of propagators

Tennis Tripple 



COMPUTATION

Advantage: substantial improvement of total reduction time

• IBP Reduction 

FIRE5.2 C++ along with LiteRed1.82

2-step reductions:

1. LiteRed along with Mint: symbolic rules & 89 MIs

3. Reduce again using FIRE c++: 81 MIs

2. Non-minimal set : Huge reduction file!

4. Minimal set: reduction file size reduced 1/10

Comments: Non-minimal set of MIs is inefficient

• 21 MIs with one double prop

• 2 MIs with one numerator

 5

Boels, Jin, Luo ‘18



MIS IN UT-BASIS

Henn, Smirnov, Smirnov ’13

With Bubble Sub-diagrams

 6



MIS IN UT-BASIS

Henn, Smirnov, Smirnov ’13

MIs without Bubble sub-integrals

• Remaining integrals are obtained by interchanging s & t
 7



UV & IR
• Dimensional regularisation: d = 4� 2✏
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• UV structures of amplitude and all plus amplitude are different 
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All plus amplitude vanishes at tree level UV Finite 1-loop 

UV divergent 1-loop

UV renormalisation in MS-bar 

• The IR poles are universal and were first predicted by Catani  up to 2-loop (except single 
pole) Catani ‘98

Sterman, Yeomans  ‘03
• From SCET

UV finite
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All the IR divergences are governed by the matrix Z 

The all order solution:
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Anomalous dimension matrix

Becher & Neubert ’09

Gardi & Magnea ’09



RESULTS & CONCLUSIONS

• Our 1 and 2-loop results agree with the universal IR structure and the literatures. 

• They exhibit the necessary symmetry between s & t

• We have checked the amplitude as well as ++++ amplitude

• We have extended the 2-loop results to higher order in 

• 3-loop reduction is done!

• Result in terms of Master integrals is at hand.

• Just waiting for the final result! Will be available soon!

✏
<latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit><latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit><latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit><latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit><latexit sha1_base64="ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBrCKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latexit>

• First step towards the full computation

• First ever attempt in QCD!

Thank you!



PRELIMINARY RESULT (PARTIAL OF COURSE)

<latexit sha1_base64="XWpdHhTZ1cvz67eBYLJEK/QXVIw="></latexit>

Coefficient of.                                             of the Amplitude (Unrenormalised) 
<latexit sha1_base64="47XJWuPqHqZr3cVHye24kQfs/1w=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokK6q3oxWMFYwttLJvtpF262YTdjVBCf4MXDype/UPe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ5vJn7zCZXmibw3oxSDmPYljzijxkq+7EaPZ91K1a25U5BF4hWkCgUa3cpXp5ewLEZpmKBatz03NUFOleFM4LjcyTSmlA1pH9uWShqjDvLpsWNybJUeiRJlSxoyVX9P5DTWehSHtjOmZqDnvYn4n9fOTHQZ5FymmUHJZouiTBCTkMnnpMcVMiNGllCmuL2VsAFVlBmbT9mG4M2/vEj809pVzbs7r9avizRKcAhHcAIeXEAdbqEBPjDg8Ayv8OZI58V5dz5mrUtOMXMAf+B8/gDiOI5E</latexit>

Absolutely no check has been performed! Will be done soon!

<latexit sha1_base64="Al13x8kQABNd26jnzYMRIfJjXgQ=">AAACC3icbVDLTsJAFL3FF+ILdelmIjHBDWmRRN0R3bjEhAoJVDIdpjBh+sjM1IQ0/QA3/oobF2rc+gPu/BuH0oWCN5mck3PPzZ173IgzqUzz2yisrK6tbxQ3S1vbO7t75f2DOxnGglCbhDwUXRdLyllAbcUUp91IUOy7nHbcyfWs33mgQrIwaKtpRB0fjwLmMYKVlgblSltU2/cJHlgpyvAsx0aO9fRUu8yamRVaJlZOKpBXa1D+6g9DEvs0UIRjKXuWGSknwUIxwmla6seSRphM8Ij2NA2wT6WTZMek6EQrQ+SFQr9AoUz9PZFgX8qp72qnj9VYLvZm4n+9Xqy8CydhQRQrGpD5Ii/mSIVolgwaMkGJ4lNNMBFM/xWRMRaYKJ1fSYdgLZ68TOx67bJm3TYqzas8jSIcwTFUwYJzaMINtMAGAo/wDK/wZjwZL8a78TG3Fox85hD+lPH5A9IfmcY=</latexit>

<latexit sha1_base64="fFWJTjsazcyW5g9bI5VGsafZqPM=">AAACE3icbVDLSsNAFJ34rPVVdelmsAiCpSRVUBeFohuXFYwtNCVMppN26OTBzI1YQj/Cjb/ixoWKWzfu/BsnbRbaemDg3HPu5c49Xiy4AtP8NhYWl5ZXVgtrxfWNza3t0s7unYoSSZlNIxHJtkcUEzxkNnAQrB1LRgJPsJY3vMr81j2TikfhLYxi1g1IP+Q+pwS05JaOH+qOLwlNk3EKY6dSwVCv4di1qrF7UsEJruOsrGWlWyqbVXMCPE+snJRRjqZb+nJ6EU0CFgIVRKmOZcbQTYkETgUbF51EsZjQIemzjqYhCZjqppOjxvhQKz3sR1K/EPBE/T2RkkCpUeDpzoDAQM16mfif10nAP++mPIwTYCGdLvITgSHCWUK4xyWjIEaaECq5/iumA6IzAp1jUYdgzZ48T+xa9aJq3ZyWG5d5GgW0jw7QEbLQGWqga9RENqLoET2jV/RmPBkvxrvxMW1dMPKZPfQHxucPgJKbew==</latexit>

Up to an overall normalisation factor

<latexit sha1_base64="TPIqeZRdodXtPaTiGlacaWLPWnM="></latexit>



LARGE N LIMIT

• Amplitude is a tensor in Color space

• Can be decomposed in terms of traces of fundamental color generators of SU(N)

• Pure gauge amplitude can be expressed in terms of six color structures

C1 = tr(1234) + tr(1432)

C2 = tr(1243) + tr(1342)

C3 = tr(1423) + tr(1324)
<latexit sha1_base64="aORh7fPwPTK+8oAAVGNw4h0ct/Y="></latexit><latexit sha1_base64="aORh7fPwPTK+8oAAVGNw4h0ct/Y="></latexit><latexit sha1_base64="aORh7fPwPTK+8oAAVGNw4h0ct/Y="></latexit><latexit sha1_base64="aORh7fPwPTK+8oAAVGNw4h0ct/Y="></latexit><latexit sha1_base64="aORh7fPwPTK+8oAAVGNw4h0ct/Y="></latexit>

C4 = tr(12)tr(34)

C5 = tr(13)tr(24)

C6 = tr(14)tr(23)
<latexit sha1_base64="TcIIHEgp6teizCBG1uIHLTuLnjM=">AAACHnicbZDLSsNAFIYnXmu8RV26CRah3ZSkjVUXQrEblxWMLTQhTKbTdujkwsxEKKFv4sZXceNCRXClb+MkzUJbD8zw8/3nMHN+P6aEC8P4VlZW19Y3Nktb6vbO7t6+dnB4z6OEIWyjiEas50OOKQmxLYiguBczDAOf4q4/aWd+9wEzTqLwTkxj7AZwFJIhQVBI5GnNtmddCVYx61V5N6yq46ht7yxHjQzVC9TMkZWjRtXTykbNyEtfFmYhyqCojqd9OoMIJQEOBaKQ875pxMJNIRMEUTxTnYTjGKIJHOG+lCEMMHfTfL+ZfirJQB9GTJ5Q6Dn9PZHCgPNp4MvOAIoxX/Qy+J/XT8Twwk1JGCcCh2j+0DChuoj0LCx9QBhGgk6lgIgR+VcdjSGDSMhIVRmCubjysrDrtcuaeWuVW9dFGiVwDE5ABZjgHLTADegAGyDwCJ7BK3hTnpQX5V35mLeuKMXMEfhTytcPF3CdAw==</latexit><latexit sha1_base64="TcIIHEgp6teizCBG1uIHLTuLnjM=">AAACHnicbZDLSsNAFIYnXmu8RV26CRah3ZSkjVUXQrEblxWMLTQhTKbTdujkwsxEKKFv4sZXceNCRXClb+MkzUJbD8zw8/3nMHN+P6aEC8P4VlZW19Y3Nktb6vbO7t6+dnB4z6OEIWyjiEas50OOKQmxLYiguBczDAOf4q4/aWd+9wEzTqLwTkxj7AZwFJIhQVBI5GnNtmddCVYx61V5N6yq46ht7yxHjQzVC9TMkZWjRtXTykbNyEtfFmYhyqCojqd9OoMIJQEOBaKQ875pxMJNIRMEUTxTnYTjGKIJHOG+lCEMMHfTfL+ZfirJQB9GTJ5Q6Dn9PZHCgPNp4MvOAIoxX/Qy+J/XT8Twwk1JGCcCh2j+0DChuoj0LCx9QBhGgk6lgIgR+VcdjSGDSMhIVRmCubjysrDrtcuaeWuVW9dFGiVwDE5ABZjgHLTADegAGyDwCJ7BK3hTnpQX5V35mLeuKMXMEfhTytcPF3CdAw==</latexit><latexit sha1_base64="TcIIHEgp6teizCBG1uIHLTuLnjM=">AAACHnicbZDLSsNAFIYnXmu8RV26CRah3ZSkjVUXQrEblxWMLTQhTKbTdujkwsxEKKFv4sZXceNCRXClb+MkzUJbD8zw8/3nMHN+P6aEC8P4VlZW19Y3Nktb6vbO7t6+dnB4z6OEIWyjiEas50OOKQmxLYiguBczDAOf4q4/aWd+9wEzTqLwTkxj7AZwFJIhQVBI5GnNtmddCVYx61V5N6yq46ht7yxHjQzVC9TMkZWjRtXTykbNyEtfFmYhyqCojqd9OoMIJQEOBaKQ875pxMJNIRMEUTxTnYTjGKIJHOG+lCEMMHfTfL+ZfirJQB9GTJ5Q6Dn9PZHCgPNp4MvOAIoxX/Qy+J/XT8Twwk1JGCcCh2j+0DChuoj0LCx9QBhGgk6lgIgR+VcdjSGDSMhIVRmCubjysrDrtcuaeWuVW9dFGiVwDE5ABZjgHLTADegAGyDwCJ7BK3hTnpQX5V35mLeuKMXMEfhTytcPF3CdAw==</latexit><latexit sha1_base64="TcIIHEgp6teizCBG1uIHLTuLnjM=">AAACHnicbZDLSsNAFIYnXmu8RV26CRah3ZSkjVUXQrEblxWMLTQhTKbTdujkwsxEKKFv4sZXceNCRXClb+MkzUJbD8zw8/3nMHN+P6aEC8P4VlZW19Y3Nktb6vbO7t6+dnB4z6OEIWyjiEas50OOKQmxLYiguBczDAOf4q4/aWd+9wEzTqLwTkxj7AZwFJIhQVBI5GnNtmddCVYx61V5N6yq46ht7yxHjQzVC9TMkZWjRtXTykbNyEtfFmYhyqCojqd9OoMIJQEOBaKQ875pxMJNIRMEUTxTnYTjGKIJHOG+lCEMMHfTfL+ZfirJQB9GTJ5Q6Dn9PZHCgPNp4MvOAIoxX/Qy+J/XT8Twwk1JGCcCh2j+0DChuoj0LCx9QBhGgk6lgIgR+VcdjSGDSMhIVRmCubjysrDrtcuaeWuVW9dFGiVwDE5ABZjgHLTADegAGyDwCJ7BK3hTnpQX5V35mLeuKMXMEfhTytcPF3CdAw==</latexit><latexit sha1_base64="TcIIHEgp6teizCBG1uIHLTuLnjM=">AAACHnicbZDLSsNAFIYnXmu8RV26CRah3ZSkjVUXQrEblxWMLTQhTKbTdujkwsxEKKFv4sZXceNCRXClb+MkzUJbD8zw8/3nMHN+P6aEC8P4VlZW19Y3Nktb6vbO7t6+dnB4z6OEIWyjiEas50OOKQmxLYiguBczDAOf4q4/aWd+9wEzTqLwTkxj7AZwFJIhQVBI5GnNtmddCVYx61V5N6yq46ht7yxHjQzVC9TMkZWjRtXTykbNyEtfFmYhyqCojqd9OoMIJQEOBaKQ875pxMJNIRMEUTxTnYTjGKIJHOG+lCEMMHfTfL+ZfirJQB9GTJ5Q6Dn9PZHCgPNp4MvOAIoxX/Qy+J/XT8Twwk1JGCcCh2j+0DChuoj0LCx9QBhGgk6lgIgR+VcdjSGDSMhIVRmCubjysrDrtcuaeWuVW9dFGiVwDE5ABZjgHLTADegAGyDwCJ7BK3hTnpQX5V35mLeuKMXMEfhTytcPF3CdAw==</latexit>

tr(T a1T a2T a3T a4) = tr(1234)
<latexit sha1_base64="7gNvTMV9lc3D9H3AZisQKRUdK4E=">AAACEXicbVBNS0JBFL3Pvsy+rJZtBiVQAnlPhWoRSG1aGmgK+nrMG0cdnPfBzLxAHv6GNv2A/kSbFhVt27Xr3zT6XJR2YTiHc8/lzj1uyJlUpvltpFZW19Y30puZre2d3b3s/sGtDCJBaJMEPBBtF0vKmU+biilO26Gg2HM5bbmjq2m/dU+FZIHfUOOQ2h4e+KzPCFZacrJFJQqNuxg71mQG5QQqCVQnxQttsMqVatHJ5s2SOSu0TKw5yddy3ZMnAKg72a9uLyCRR31FOJayY5mhsmMsFCOcTjLdSNIQkxEe0I6mPvaotOPZSRN0rJUe6gdCP1+hmfp7IsaelGPP1U4Pq6Fc7E3F/3qdSPXP7Jj5YaSoT5JF/YgjFaBpPqjHBCWKjzXBRDD9V0SGWGCidIoZHYK1ePIyaZZL5yXrRodxCUml4QhyUAALTqEG11CHJhB4gGd4hTfj0Xgx3o2PxJoy5jOH8KeMzx8joZ2F</latexit><latexit sha1_base64="0rnT/x4c7FNVaeXN7I+BTOzc2E0=">AAACEXicbVDLSsNAFJ34rPUVdekmtAgtQknagroQim5cVmhsoY1hMp20QycPZiZCCPkGN/0VNy5U3Lpz179xmnShrReGczj3XO7c44SUcKHrM2VtfWNza7uwU9zd2z84VI+OH3gQMYRNFNCA9RzIMSU+NgURFPdChqHnUNx1JrfzfvcJM04CvyPiEFseHPnEJQgKKdlqVbBK5zGBtpFmUM+hkUMzrV5Lg1FvNKu2WtZrelbaKjEWpNwqDc6ns1bcttXvwTBAkYd9gSjkvG/oobASyARBFKfFQcRxCNEEjnBfUh96mFtJdlKqnUllqLkBk88XWqb+nkigx3nsOdLpQTHmy725+F+vHwn30kqIH0YC+yhf5EZUE4E2z0cbEoaRoLEkEDEi/6qhMWQQCZliUYZgLJ+8Ssx67apm3MswbkBeBXAKSqACDHABWuAOtIEJEHgGL+ANvCtT5VX5UD5z65qymDkBf0r5+gErhZ8L</latexit><latexit sha1_base64="0rnT/x4c7FNVaeXN7I+BTOzc2E0=">AAACEXicbVDLSsNAFJ34rPUVdekmtAgtQknagroQim5cVmhsoY1hMp20QycPZiZCCPkGN/0VNy5U3Lpz179xmnShrReGczj3XO7c44SUcKHrM2VtfWNza7uwU9zd2z84VI+OH3gQMYRNFNCA9RzIMSU+NgURFPdChqHnUNx1JrfzfvcJM04CvyPiEFseHPnEJQgKKdlqVbBK5zGBtpFmUM+hkUMzrV5Lg1FvNKu2WtZrelbaKjEWpNwqDc6ns1bcttXvwTBAkYd9gSjkvG/oobASyARBFKfFQcRxCNEEjnBfUh96mFtJdlKqnUllqLkBk88XWqb+nkigx3nsOdLpQTHmy725+F+vHwn30kqIH0YC+yhf5EZUE4E2z0cbEoaRoLEkEDEi/6qhMWQQCZliUYZgLJ+8Ssx67apm3MswbkBeBXAKSqACDHABWuAOtIEJEHgGL+ANvCtT5VX5UD5z65qymDkBf0r5+gErhZ8L</latexit><latexit sha1_base64="0rnT/x4c7FNVaeXN7I+BTOzc2E0=">AAACEXicbVDLSsNAFJ34rPUVdekmtAgtQknagroQim5cVmhsoY1hMp20QycPZiZCCPkGN/0VNy5U3Lpz179xmnShrReGczj3XO7c44SUcKHrM2VtfWNza7uwU9zd2z84VI+OH3gQMYRNFNCA9RzIMSU+NgURFPdChqHnUNx1JrfzfvcJM04CvyPiEFseHPnEJQgKKdlqVbBK5zGBtpFmUM+hkUMzrV5Lg1FvNKu2WtZrelbaKjEWpNwqDc6ns1bcttXvwTBAkYd9gSjkvG/oobASyARBFKfFQcRxCNEEjnBfUh96mFtJdlKqnUllqLkBk88XWqb+nkigx3nsOdLpQTHmy725+F+vHwn30kqIH0YC+yhf5EZUE4E2z0cbEoaRoLEkEDEi/6qhMWQQCZliUYZgLJ+8Ssx67apm3MswbkBeBXAKSqACDHABWuAOtIEJEHgGL+ANvCtT5VX5UD5z65qymDkBf0r5+gErhZ8L</latexit><latexit sha1_base64="0zC2mmkVIJzLXQJ4cblqdhvzPsw=">AAACEXicbVDLSsNAFJ34rPUVdekmWIR2U5K2oC6EohuXFRpbaGOYTCft0MkkzEyEEvINbvwVNy5U3Lpz5984TbLQ1gvDOZx7Lnfu8SJKhDTNb21ldW19Y7O0Vd7e2d3b1w8O70QYc4RtFNKQ9z0oMCUM25JIivsRxzDwKO550+t5v/eAuSAh68pZhJ0AjhnxCYJSSa5ek7zavU+ga6UZNHJo5tBKa5fKYDWarZqrV8y6mZWxTKyCVEBRHVf/Go5CFAeYSUShEAPLjKSTQC4JojgtD2OBI4imcIwHijIYYOEk2UmpcaqUkeGHXD0mjUz9PZHAQIhZ4ClnAOVELPbm4n+9QSz9cychLIolZihf5MfUkKExz8cYEY6RpDNFIOJE/dVAE8ghkirFsgrBWjx5mdiN+kXdujUr7asijRI4BiegCixwBtrgBnSADRB4BM/gFbxpT9qL9q595NYVrZg5An9K+/wBEqub/A==</latexit>

It can be written as

A(L)
i =

3X

�=1

( bL
2 cX

k=0

NL�2kA(L),2k
i,�

)
C� +

6X

�=4

( bL�1
2 cX

k=0

NL�2k�1A(L),2k+1
i,�

)
C�

<latexit sha1_base64="IhdiFVZYlYeZV/YnMB5pTN9NueM="></latexit><latexit sha1_base64="IhdiFVZYlYeZV/YnMB5pTN9NueM="></latexit><latexit sha1_base64="IhdiFVZYlYeZV/YnMB5pTN9NueM="></latexit><latexit sha1_base64="IhdiFVZYlYeZV/YnMB5pTN9NueM="></latexit><latexit sha1_base64="IhdiFVZYlYeZV/YnMB5pTN9NueM="></latexit>

are leading order in N. Others are sub-leading

Only A(L),0
i,�

<latexit sha1_base64="WA5+3VIAACE1t25xRYtt+WV4TkY=">AAAB/XicbVDNSsNAGNzUv1r/ouLJy2IRKpSSiKDeql48eKhgbKGNYbPZtEs3m7C7EUoI+CpePKh49T28+TZu2xy0dWBhmPmG79vxE0alsqxvo7SwuLS8Ul6trK1vbG6Z2zv3Mk4FJg6OWSw6PpKEUU4cRRUjnUQQFPmMtP3h1dhvPxIhaczv1CghboT6nIYUI6Ulz9y78DJa7zGdCFD+kNVujupW7plVq2FNAOeJXZAqKNDyzK9eEOM0IlxhhqTs2lai3AwJRTEjeaWXSpIgPER90tWUo4hIN5ucn8NDrQQwjIV+XMGJ+juRoUjKUeTryQipgZz1xuJ/XjdV4ZmbUZ6kinA8XRSmDKoYjruAARUEKzbSBGFB9a0QD5BAWOnGKroEe/bL88Q5bpw37NuTavOyaKMM9sEBqAEbnIImuAYt4AAMMvAMXsGb8WS8GO/Gx3S0ZBSZXfAHxucPMm+Uig==</latexit><latexit sha1_base64="WA5+3VIAACE1t25xRYtt+WV4TkY=">AAAB/XicbVDNSsNAGNzUv1r/ouLJy2IRKpSSiKDeql48eKhgbKGNYbPZtEs3m7C7EUoI+CpePKh49T28+TZu2xy0dWBhmPmG79vxE0alsqxvo7SwuLS8Ul6trK1vbG6Z2zv3Mk4FJg6OWSw6PpKEUU4cRRUjnUQQFPmMtP3h1dhvPxIhaczv1CghboT6nIYUI6Ulz9y78DJa7zGdCFD+kNVujupW7plVq2FNAOeJXZAqKNDyzK9eEOM0IlxhhqTs2lai3AwJRTEjeaWXSpIgPER90tWUo4hIN5ucn8NDrQQwjIV+XMGJ+juRoUjKUeTryQipgZz1xuJ/XjdV4ZmbUZ6kinA8XRSmDKoYjruAARUEKzbSBGFB9a0QD5BAWOnGKroEe/bL88Q5bpw37NuTavOyaKMM9sEBqAEbnIImuAYt4AAMMvAMXsGb8WS8GO/Gx3S0ZBSZXfAHxucPMm+Uig==</latexit><latexit sha1_base64="WA5+3VIAACE1t25xRYtt+WV4TkY=">AAAB/XicbVDNSsNAGNzUv1r/ouLJy2IRKpSSiKDeql48eKhgbKGNYbPZtEs3m7C7EUoI+CpePKh49T28+TZu2xy0dWBhmPmG79vxE0alsqxvo7SwuLS8Ul6trK1vbG6Z2zv3Mk4FJg6OWSw6PpKEUU4cRRUjnUQQFPmMtP3h1dhvPxIhaczv1CghboT6nIYUI6Ulz9y78DJa7zGdCFD+kNVujupW7plVq2FNAOeJXZAqKNDyzK9eEOM0IlxhhqTs2lai3AwJRTEjeaWXSpIgPER90tWUo4hIN5ucn8NDrQQwjIV+XMGJ+juRoUjKUeTryQipgZz1xuJ/XjdV4ZmbUZ6kinA8XRSmDKoYjruAARUEKzbSBGFB9a0QD5BAWOnGKroEe/bL88Q5bpw37NuTavOyaKMM9sEBqAEbnIImuAYt4AAMMvAMXsGb8WS8GO/Gx3S0ZBSZXfAHxucPMm+Uig==</latexit><latexit sha1_base64="WA5+3VIAACE1t25xRYtt+WV4TkY=">AAAB/XicbVDNSsNAGNzUv1r/ouLJy2IRKpSSiKDeql48eKhgbKGNYbPZtEs3m7C7EUoI+CpePKh49T28+TZu2xy0dWBhmPmG79vxE0alsqxvo7SwuLS8Ul6trK1vbG6Z2zv3Mk4FJg6OWSw6PpKEUU4cRRUjnUQQFPmMtP3h1dhvPxIhaczv1CghboT6nIYUI6Ulz9y78DJa7zGdCFD+kNVujupW7plVq2FNAOeJXZAqKNDyzK9eEOM0IlxhhqTs2lai3AwJRTEjeaWXSpIgPER90tWUo4hIN5ucn8NDrQQwjIV+XMGJ+juRoUjKUeTryQipgZz1xuJ/XjdV4ZmbUZ6kinA8XRSmDKoYjruAARUEKzbSBGFB9a0QD5BAWOnGKroEe/bL88Q5bpw37NuTavOyaKMM9sEBqAEbnIImuAYt4AAMMvAMXsGb8WS8GO/Gx3S0ZBSZXfAHxucPMm+Uig==</latexit><latexit sha1_base64="WA5+3VIAACE1t25xRYtt+WV4TkY=">AAAB/XicbVDNSsNAGNzUv1r/ouLJy2IRKpSSiKDeql48eKhgbKGNYbPZtEs3m7C7EUoI+CpePKh49T28+TZu2xy0dWBhmPmG79vxE0alsqxvo7SwuLS8Ul6trK1vbG6Z2zv3Mk4FJg6OWSw6PpKEUU4cRRUjnUQQFPmMtP3h1dhvPxIhaczv1CghboT6nIYUI6Ulz9y78DJa7zGdCFD+kNVujupW7plVq2FNAOeJXZAqKNDyzK9eEOM0IlxhhqTs2lai3AwJRTEjeaWXSpIgPER90tWUo4hIN5ucn8NDrQQwjIV+XMGJ+juRoUjKUeTryQipgZz1xuJ/XjdV4ZmbUZ6kinA8XRSmDKoYjruAARUEKzbSBGFB9a0QD5BAWOnGKroEe/bL88Q5bpw37NuTavOyaKMM9sEBqAEbnIImuAYt4AAMMvAMXsGb8WS8GO/Gx3S0ZBSZXfAHxucPMm+Uig==</latexit>

contributes in the large N-limit Our goal
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Only planar diagrams contribute: Planar limit  11


